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' Abstract: We show that the fully covariant equations of motion for the M- 

^\ , theory fivebrane can be interpreted as charge conservation equations. The as- 

sociated charges induce 'shift'-symmetries of the scalar, spinor and gauge-fields 
of the fivebrane, so allowing an interpretation of all these fields as Goldstone 
fields. We also find that the fivebrane possesses a new symmetry that is part 
of the GL(32) automorphism group of the eleven dimensional supersymmetry 



^ (— i algebra. 



In this paper we give a new interpretation to the fivebrane equations of motion. We show that these 
^ ■ can be written as conservation equations for three conserved currents. The symmetries generated by 
the associated charges correspond to constant 'shifts' of the scalar, spinor and gauge-fields respectively. 

We then compute the algebra generated by these charges. This turns out to be - as expected - 
the eleven dimensional supersymmetry algebra with two-form and five-form central charges present. 
Hence in this manner we have reconstructed the eleven dimensional supersymmetry from the five- 
brane equations of motion. This superalgebra has previously been derived § in the context of the 
Lagrangian formulation of the fivebrane. By reducing the eleven dimensional supersymmetry algebra, 
we find the (2,0) worldvolume supersymmetry algebra. The currents that give rise to this worldvolume 
superalgebra are explicitly constructed. 

We also find that the fivebrane contains a new symmetry that is part of the GL(32) automorphism 
group of the eleven dimensional supersymmetry algebra. This symmetry rotates the fivebrane and 
twobrane into each other. Finally, we discuss some of the possible consequences for M theory of this 
new symmetry. 



Supported by the EC under TMR contract ERBFMBICT972717, 



1 Conserved Currents and the Equations of Motion 



The fivebrane-equations of motion for a flat background and ignoring higher order terms in the fermion 
fields are given by || 

G mn V m V n X^ = 0, (1) 
V m G(l - T)T n m mn = 0, (2) 
G mn V m H npq = 0. (3) 

We will now define the symbols occurring in the equations of motion: Our index-convention is to 
use m,n,p, . . . = 0, 1, . . . , 5 and a, b, c, . . . = 0, 1, . . . , 5 for world- volume world and tangent indices 
respectively. For the flat target-space indices we use a, b, c, . . . = 0, 1, . . . , 10. In static gauge the target- 
indices can be decomposed into world- volume and transverse indices as a = (a, a'). For fermionic 
indices it is customary to use same scheme with Greek letters, however we are going to suppress 
these indices in most of the following for simplicity. We will use the 'mostly plus' convention for the 
Minkowski- metric r\ ab := diag(— 1, 1, . . . , 1) and normalize the e-tensor as e 012345 = 1. 
The metric on the brane is the pullback of the flat target space metric 

9mn ■= d m X & d n X^riab, (4) 

and the covariant derivative is defined with the Levi-Civita connection with respect to this metric. 
We define the associated vielbein in the standard way as 

&m &n Vab ■ — 9mn- (5) 

It will be necessary to switch frequently between frames. To make life simpler we will therefore 
normally suppress the vielbein- factors. 

The tensor Q mn is related to the induced metric via 

G mn := (m 2 ) mn , (6) 

where the matrix m is given in tangent frame as 

m ab :=rj ab -2h a cd h bcd = r] ab -2k ab . (7) 

The 3-form field h abc is self-dual 

h a bc = 7y eabcde fh de ^ (8) 

but it is not the curl of a two-form gauge field. It is related to the field H mnp = 3d[ m B np ] which 
appears in the equations of motion, but H mnp is not self-dual in the linear sense. The relationship 
between the two fields is given by 

H abc = {m~ l ) c d h abd . (9) 

Finally the matrix V appearing in the equation of motion for the fermions is given by 

11 1 

mi...m 6 p , ± h mnp r ( ln \ 

- c 1 mi...ni6 q mrvp- \ ±KJ J 
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It satisfies TrT = and T 2 = 1 and hence gives rise to the projector ^(1 — T), projecting onto half of 
the original spinor space. 

The covariantly conserved energy-momentum tensor for this system is given by T mn = Q~ l G mn 
[|| where Q = 1 — ^k ab k ab . Using this we can rewrite ([!]) as 

o = T mn v m d n x^ = v m (T mn d n x±) = -L;d m (^T mn d n x^). (11) 

We can interpret this as the condition that the current 

J™± ■= ^T mn d n X± (12) 

is conserved. 

Let us now turn to the equation of motion for the fermions. Here we have to do a bit more work. 
Using V m (Q~ 1 m mn ) = @ we can rewrite (g) as 

= Q- l m mn V m @(l - T)T n 

= V m (Q- l m mn e(l-T)T n ) (13) 

1 ^ m (^Q- 1 m m "e(i-r)r n ). 



V~9 

In the second step we used m mn V m ((l — T)r„) = 0. To see this first note that V m T n = 0. This follows 
from the fact that the curved T m are constructed from the flat 11-dimensional T a as T m = d m X-T a 
and the covariant derivatives V m are associated with the induced metric g mn = d m X-d n X-r]ah- It 
remains to show that m mn 'V rn (T^T n ) = 0. We have, moving to tangent frame, 



m ab V a T {h) T b = -m ab V a h c ^T ClC2CS T b 

= ^m ab V a h clC2C3 (r ciC2C3b + 377 Cl6 r c2C3 ) 

= ^m afe V a / l ClC2C3 (ir 012 345e ClC2 c 3 f> C 4c 5 r C4C5 +3 Vcib T C2C3 ) (14) 

= m fl6 v a / l , C2C3 r C2C3 (i-r i 2 345) 

= 0. 

We have used the duality relation for the r a matrices and in the last step also the equation of motion 
for the self-dual field-strength m ab V a h bc d = ||. Hence again we can identify a conserved current 



J% := ^gQ- L m mn Q(l - T)T n , (15) 

where we suppressed the target-space spinor-indices. Note that due to the presence of the projector 
(1 — T) we only get 16 independent currents. 

Analogously we can rewrite the tensor field equation of motion (^) as 

= T mn V m Ii n Pi = V m (T mn H n ™) = -La m (\^T™ff/). (16) 



In the last step we have used that T mn H n pq = Q 1 G mn H n pq is totally anti-symmetric in m,p and q. 
To see this recall that G mn = (m 2 ) mn and H mnp = (m~ 1 ) m q h qnp . This gives 

T m nH npq = Q-l^m^npq = ^jjmpq ? ( 17 ) 
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where *H mpq is the dual of H mpq from which the antisymmetry follows. Again we can identify a 
conserved current 

jrnnp . = ^jmqjj np = ^ ^mnp ^ 

2 Identifying the Symmetries 

Having found three new conserved currents it is natural to ask what symmetries the associated charges 
will generate. Recall that given any current satisfying d m J m = we can define an associated time- 
independent charge 

Q := J d 5 xJ° (19) 

which will generate a symmetry transformation on some field $ via 

5$ = {Q,$}, (20) 

where {, } denotes the Poisson bracket. 

Unfortunately within the covariant approach to the fivebrane used here we do not have a Lagrangian 
for the fivebrane fields. However, to identify the symmetries it will however be sufficient to keep only 
the lowest order terms in the currents and then use the free- field Poisson brackets. We denote these 
lowest order currents by the same symbol the distinction between them and their complete form being 
apparent from the context. The lowest order currents are given by 

jma = gmx a^ ^ 
jmnp = h mnp^ ^ 

j™ = e(i-r)r m . (23) 

The free-field (equal time) Poisson brackets are given by 

{X±(x),d X b -(x')} = r^6(x-x'), 

{@(x),e{x'^} = 5{x-x'), (24) 
= S l {i 8^8(x-x'). 

Some comments are in order regarding the last equation where we have used i,j, ... to denote purely 
spatial indices. Since one does not have a simple free action for the self-dual gauge field one can not 
deduce its Poisson bracket in the standard way. However, in what follows it will be sufficient to adopt 
the above Poisson bracket for the linearized fields. 

Using the explicit Poisson brackets and including constant parameters one readily checks 

=4/ d 5 x{d°X b -, X^} = p. (25) 

Hence Qx generates 'shifts' of the scalar fields as expected. For the spinors we find 

{Qee, 6} = e(l-r), (26) 

again constant 'shifts'. Note that the occurrence of the projection operator implies that only half 
the Fermions are getting shifted; these are precisely the dynamical Fermions appearing in the Dirac 
equation. 



4 



Finally for the gauge field we have 



Hence we find that all the fields of the fivebrane undergo shift symmetries and therefore the 
fivebrane itself can be interpreted as a Goldstone object associated with the superalgebra of the above 
generators. The way the symmetry generators arise from the equations of motion is also typical of the 
Goldstone phenomenon. 



3 The Eleven dimensional Superalgebra 

We now want to determine the algebra of the conserved charges using the currents with only their 
lowest order terms. In this approximation the algebra has only one non- vanishing Poisson bracket 
which is given by 

{<9eei,Qee 2 } = 2e 1 T^ 2 Q% + 2e 1 Ta 1 ...a 5 e 2 Z§ 1 "' SB 

+2e 1 Ta 1 a 2 e 2 Zl 1 - 2 . (28) 

Here Z§ v "~ 2 = J d 5 x^ e 11 "'^d^X- 1 ■ ■ ■ di 5 X-$ is the five-form central charge associated with the five- 
brane and Z~2~ 2 = J d^xhfv diX-idjX-z is the two-form central charge associated with the membrane. 
This is the standard 11-dimensional superalgebra with five- form and two- form central charges present. 
In the fivebrane context it was first given in || using the Lagrangian formulation of the fivebrane. We 
can interpret this result to say that the presence of the fivebrane generates the central charges of the 
eleven dimensional superalgebra. 

In deriving ( [28] ) we have used various algebraic properties of the matrices Fr h \ and r7 ), these can 
be found in p], and also the following Majorana- flip-identity 

_ m(m + l) _ 

Vr fil ... Sm </> = (-i)^^rv..a,> (29) 

which can be derived using the standard properties of the flat eleven dimensional T a matrices. 



4 The Worldvolume Superalgebra 

Having reconstructed the eleven dimensional superalgebra from the equations of motion for the five- 
brane we will now make contact with the (2,0) supersymmetry algebra living on the world-volume of 
the five brane. The fivebrane breaks half of the supersymmetries of the background superspace and 
its the worldvolume supersymmetry can be found from the eleven dimensional supersymmetry algebra 
by taking half of the supersymmetry parameter to vanish, namely 

e « = ( e «,0). (30) 

Under this truncation the term that contains the momentum becomes 

eiTa^Qx = eiTaJV^Qx = e l^m^0^ 2 Qx = ^l^m^Qx: (31) 

where we have used the explicit eleven dimensional T a matrices given in H to identify nonzero con- 
tributions. The two central charge terms can be reduced in complete analogy and we find, omitting 
the supersymmetry parameters and using static gauge, 

{Qi, %} = V i3 (lmU(P m )' + (imUZ? m + ( 7mimam3 ) a ^ j mi ™, (32) 
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with 



(p m y = J d 5 x (T 0m -?? 0m ), 

Zl jm = -2 J d 5 x(( la/ fh 0mn d n X a ' + ^l ^ 

z ijm im2m3 = ^y , d 5 x(7a , a , ) ii e mi m 2m3 n 1 n 2aniX a' 1 ^ 2X a^ (33) 

This is indeed the six-dimensional (2, 0) supersymmetry algebra || with one-form and three-form 
central charges present. The internal symmetry group is USp{A) ~ Spin(5), and rf 3 denotes the 
associated antisymmetric invariant tensor. The Weyl spinor indices a, f3, . . . run from 1 to 4 as do the 
internal Spin(5) indices The 7-matrices arise as building blocks of the flat eleven dimensional 

T- matrices via 

i-^pyV"?-) -d r«' = ( 7 «y(Y_y. (34) 

We use m,n,p, . . . = 0, 1, . . . , 5 and a' , b', c', . . . = 6, 7, ... , 10 here to denote flat indices. The basic 
relations are 

{ 7 m , 7 ™} : = 7 m y> + 7 ™ 7 m = 27] mn , (35) 
with 7 m = 7 m for m/0 and — 7 ° = 7 ° = 1. The antisymmetric product is defined as 

ynim 2 ro 3 ... ._ ^m 1 -ra 2 ^m 3 ^ 

and one also has the following duality relation 

mim 2 ...m„ _ ' ( i \ H^tli m 1 m 2 ...m n m n+1 ...m 6 (o>j\ 

7 — ~ (Q_ n y_y L ) e lm n+ i...me- K^'J 

Note that in the integral representation of the momentum (P m )' we find T mn — 7] mn instead of 
simply T mn ; the additional term appears in the reduction of Z5. Recall that T mn reduces to rf nn 
for a flat static brane. However, from the point of view of the world-volume theory this is a vacuum 
configuration and has to have zero energy in a super symmetric theory. Hence the tensor that appears 
in the (P m )' above is therefore the natural energy momentum tensor. Note also that the one-form 
central charge in six dimensions receives contributions from both the five-form and the two-form charge 
in eleven dimensions. 

We now give the currents that generate the above worldvolume algebra. Clearly, the current 
jmnnp assoc [ a ^ e( ^ w ith the gauge field is a current associated with the worldvolume algebra. The 
other currents, namely those associated with translations and supersymmetry transformations, can be 
deduced from their eleven dimensional counter parts by choosing superstatic gauge and considering 
only those components that lie in the worldvolume directions. One then can then verify that the 
resulting current transform covariantly and are indeed conserved. For the translations we find that in 
static gauge we have 

Jf *• = ^T mp 8 p X n = J=~gT mn . (38) 
Which is indeed the conserved current that generates six dimensional translations @. 
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In superstatic gauge the spinor O— takes the form 



(39) 



The linearized six-dimensional supercurrent is given as a straightforward reduction of the eleven 
dimensional one (15) as 

(Jg% = (e( 7 n d n X a ' la , - ^" in2rl3 7n 1 „ 2 n 3 )7 m )a, (40) 

The full non-linear form of this current can be read off from the supersymmetry transformation 
given in [§] and ||, Q . 

It is straightforward to verify that these currents do indeed lead to generators that satisfy the 
above worldvolume superalgebra. 



5 Automorphisms of Superalgebras 

Let us consider a supersymmetry algebra of the form 

{Qa, Qp} = Zaj3, [Qj, Zap] = 0, [Zgip, Z^s] = 0, (41) 

where Z a p are Grassmann even generators labelled by spinor indices. It is obviously symmetric in 
these indices. Clearly, such an algebra obeys the generalized super Jacobi identities. Let us assume 
that the generators Z a p form the most general symmetric matrix. Expanding this matrix out in terms 
of the relevant Clifford algebra we find that Z a p contains a set of totally antisymmetric tensorial 
generators which constitute the central charges including the momentum generator. This is the case 
for both the eleven dimensional and the six dimensional superalgebras associated with the fivebrane 
equations of motion (|l|) to (||). Clearly in the latter case one must take an appropriate index range for 
the indices a, /?.... The corresponding superalgebras in the IIA and IIB theories for which the Z^p 
form the most general matrix in ten dimensions are well known. 

We now want to consider the automorphism group of such a superalgebra. Let R be one of the 
generators of this group. Being Grassmann even its commutator with the supercharges must be of the 
form 

[Qa,R]=MjQ t (42) 

The super Jacobi identities then imply that 

[Z^p, R] = MalZyp + MplZa T (43) 

It is straightforward to verify that all the remaining super Jacobi identities are satisfied provided the 
matrices M form a representation of the Lie algebra generated by the generators R. 

Clearly, the maximal automorphism group is GL(cd) where c<f is the number of supercharges. The 
precise properties of the matrices under complex conjugation being given by implementing the Majo- 
rana or other properties of the spinorial supercharge on the commutator relation of the supercharge 
with the automorphisms. The generators may be labelled as R~- and their commutator with the 
supercharges is given by [Qa, Ry-] = 5q-Q 7 - To gain a more familiar set of generators we may expand 
Rj- out in terms of the elements of the enveloping Clifford algebra 

fl i 4 = E E (i- v -- pC '\ iR ^ P - ( 44 ) 
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An interesting subalgebra is given by the set of symmetric matrices, these form Lie algebra of Sp(cd)- 
The generators of this subalgebra are S^s = R-yS + where R^s = R~ / @-(C~ 1 )ps- Clearly, in the 
decomposition of equation ( f44| ) this means keeping only those terms for which the symmetric ma- 
trices enter. In eleven dimensions these are the generators R a „ a of ranks one, two and five. The 
commutator of the generators S^s with the supercharges is given by 

[Qa, S 2 sj = (C~ 1 ) M g 2 + (C-% 2 Q S _. (45) 

One can also consider the case where Zgjj is not the most general symmetric matrix. For example, 
when it is of the form P-(T a )aj3, implying that we are dealing with point particles only. Then the 
most general automorphism group is by definition the group Spin(l, d — 1). These are the generators 
i? 2 , i a 2 in the decomposition of equation (f44|). 

Including further central charges one finds a natural generalization of the spin group that takes 
into account the presence of branes. It would be interesting to compute the relevant spin group 
generalizations corresponding to removing various sets of central charges from the full possible set. 

Clearly the generators of the generalized spin group will rotate the central charges into one another. 
As an example let us consider how a generator of GL(cd) rotates the central charges. To be concrete, 
let us consider the eleven dimensional supersymmetry algebra of equation (|2~8| ) and consider the effect 
of the generators R^a^ £ GL(32), not belonging to Sp(32). One finds that 

[P ki ,R^^] = -Urj^Z^, 
[Z kb _ 2 ,R^] = 2 ?? f i f 2 2 P^a_5!Zf i f 2 ^, (46) 

Here antisymmetry in aiQ^a^ is to be understood and %^"f n = r/j^ 1 . . . r^ n . 

Since the central charges are the topological charges for the corresponding branes || we must 
conclude that the automorphism group must rotate the different branes into each other. 



6 New Brane Symmetries 

In this section we will show that at least a part of the generalised spin group, or automorphism group, 
discussed in the previous section is realised as a symmetry of the fivebrane equations of motion. 
In particular we will find the associated new current and find the Poisson bracket relations of its 
generators with the central charges. For simplicity we will keep working with a flat background and 
also ignore terms of higher order in the Fermions. 
Consider the following current 

R™^ = ^ f*H mnp V n X^V p X^ + — e mn ™ rs V n X^V p X^V q X^B rs ) (47) 

where anti-symmetry in abc is assumed. To check that it is conserved recall the following facts 

V m *H mn P = 0, H mnp = 3V [m B np] . (48) 
Note that ( f47[) can be rewritten as 

-jraabc 



R 1 .:— i) n ( ^^e mn ^ rs V p X^V q X b -X^B rs ) . ( 19) 



8 



from which conservation is obvious. 

Given this additional current we can use the same procedures as earlier and compute various 
Poisson brackets at lowest order. To make our notation less cumbersome we will use the same symbol 
to denote the associated conserved charge. 

We now calculate the commutators of the R~ with the central terms. Using the Poisson brackets 
of equations ( |24| ) we find that 

Up to normalisation this is a contraction of the algebra of equation ( |46|) obtained by scaling the 
generators as follows 

P <l ^ P a ^ ^a 1& a 3 - X -Z^\ Z*'"** - l^i-fe. (50) 

and letting e — > 0. It is conceivable that the contraction is the effect of our approximation and that 
by carrying out the calculation for the full theory one may find the commutation relations of the full 
automorphism group. 

7 Conclusions 

We have shown, in the context of the covariant equation of motion, that the fivebrane possesses 
symmetries that lead to the worldvolume supersymmetry algebra and the eleven dimensional super- 
symmetry algebra. We have explicitly identified the corresponding currents by writing the equations 
of motion as total derivatives. In addition to the obvious currents for translations and supersymmetry 
we find that there exists a conserved current associated with the second rank tensor gauge field of the 
fivebrane. The generators of these currents lead to shift symmetries for all the fields of the fivebrane 
so allowing us to identify them as Goldstone fields for these symmetries. 

Motivated by the observation that both eleven dimensional and worldvolume superalgebras asso- 
ciated with the fivebrane have central charges that constitute the most general symmetric matrix on 
the right hand-side of the anti-commutator of two supercharges we show that the automorphism group 
of such a generic superalgebra is GL(cd) where c,i is the number of supercharges. This is the natural 
generalisation of the spin group which occurs in point particle theories to a theory, such as M theory, 
that possess branes as well as point particles. Such an automorphism group must rotate the different 
branes into one another and so is a generalisation of the previously known duality symmetries. 

We show, at lowest order, that part of this automorphism group is realised as a new symmetry 
of the fivebrane equations of motion. At first sight, it may appear as a puzzle that this new brane 
rotating symmetry can be seen solely within the context of the fivebrane. However, the fivebrane 
through its equations of motion can see many of the effects in the eleven dimensional superspace 
including the presence of twobranes. Indeed, the twobranes which intersect fivebranes induce strings 
on the fivebrane whose charge is measured by the gauge field of the fivebrane. Examining the new 
current we find that the gauge field plays the central role in its construction consistent with its brane 
rotating property. 

As such, it is natural to speculate that the GL(32) automorphism group of the eleven dimensional 
supersymmetry algebra, or a subgroup of it, is a symmetry of M theory when properly formulated. In- 
corporating this symmetry would inevitably lead to a formulation in which the fivebrane and twobrane 
appeared on an equal footing. Since the symmetry rotates the twobrane and the fivebrane into each 
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other one may wonder if it is a hidden symmetry of the eleven dimensional supergravity that rotates 
the corresponding brane solutions into one another. In the quantum theory the topological charges 
of the branes obey a generalisation of the Dirac quantization condition and so in the quantum theory 
one should only attempt to incorporate the subalgebra of the automorphism group that preserves this 
relation. 

The new symmetries we have found are not just restricted to the branes of M theory, but by 
reducing the fivebrane to the D4 brane in ten dimensions and then using T duality we can extend it 
to be relevant to all the branes in ten dimensions. 

Acknowledgment: We would like to thank Neil Lambert for helpful discussions. While this work 
was being written up we learned from Garry Gibbons that he, Jerome Gauntlett, Chris Hull and Paul 
Townsend were preparing a paper in which the automorphism group of superalgebras is considered 
within the context of BPS states and, in particular, those that preserve 3/4 supersymmetry. 
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